A characteristic feature of long-range interacting systems is that they become trapped in a nonequilibrium and long-lived quasi-stationary state (QSS) during the early stages of their development. We present a comprehensive review of recent studies of the core-halo structure of QSSs, in the Hamiltonian mean-field model, which is a mean-field model of mutually coupled ferromagnetic XY spins located at a point, obtained by starting from various unsteady rectangular water-bag type initial phase-space distributions. The main result exposed in this review is that the core-halo structure can be described by the superposition of two independent Lynden-Bell distributions. We discuss the completeness of collisionless relaxation of this double Lynden-Bell distribution by using both of Lynden-Bell entropy and double Lynden-Bell entropy for the systems at low energies per particle.
process of the double Lynden-Bell distribution of the HMF system, the partitions of N , E and η into the core and the halo are fixed during violent relaxation (see Sec. 4.2.2 where the calculations performed in Sec. 2.1.2 are used), it is possible to formulate the thermodynamics corresponding to the double Lynden-Bell distribution.
Based on this standpoint, we claim that the double Lynden-Bell distribution in itself is an essentially novel type of equilibrium distribution in statistical physics. The single Lynden-Bell distribution has the same form as the Fermi-Dirac distribution except for the former's overall fine-gained level factor. In the double Lynden-Bell distribution at zero temperature, namely, the ground state of the system, there are two coexisting Fermi energies in a superposition: that is, the distribution refers to one kind of particle; it is not a mixture of two Lynden-Bell distributions at zero temperature for two different kinds of particles. This review discusses the foundations of the theory of double Lynden-Bell equilibria by using the HMF model, which is the simplest model of a long-range system.
The organization of this review is as follows.
In the next section, after brief accounts of the Boltzmann and Vlasov equations for the collisional and collisionless regimes, respectively, we introduce the basic notions needed to describe QSSs in long-range systems: phase mixing, violent relaxation and the Lynden-Bell statistics. [2] In Section 3, we define the HMF model and explain its Boltzmann-Gibbs collisional equilibrium structure, in particular, the caloric curve and the collisional equilibrium second order phase transition property, using the micro-canonical approach.
In Section 4, we study QSSs with a core-halo structure in the HMF model at low energies per particle. [34] After reviewing the preceding research, [5, 32, 33] first we follow the evolution of the system till its collisionless equilibrium to describe the formation process of the core-halo structure in the double Lynden-Bell scenario.
Second, by performing several illustrative N -body simulations, we corroborate the double Lynden-Bell structure of these QSSs. Finally, we examine the deviation degree of the QSSs from the Lynden-Bell equilibrium and the completeness of the collisionless relaxation of the QSSs by using the Lynden-Bell entropy and the double Lynden-Bell entropy, respectively. The result for the latter is that in most cases the collisionless relaxation in the double Lynden-Bell sense is incomplete.
In the final section, we summarize the results in the double Lynden-Bell scenario and give an outlook.
In the appendices, we provide supplementary calculations used in the main text.
Throughout this review, the number of particles in the simulations is assumed to be 10 4 . The simulation time is also assumed to be 10 4 unless otherwise noted. We use a hat to denote per-particle normalization.
Here, as in previous work [34] , we use ∼ to denote a series expansion up to a finite number of terms or approximate equality between independent variables (differing from the standard meaning of equality up to a multiplicative constant of O (1)) and use ≈ for other types of approximate equality. 
where I is a quadratic functional of f that represents the effect of collisions on the temporal evolution of f .
[1] Boltzmann's original paper considered the time-dependent kinetic energy distribution function f (x, t) of gaseous molecule with kinetic energy x. [1] Here, f (x, t)dx is the number of molecules in a unit volume with kinetic energy in the range (x, x + dx) at time t. We illustrate his idea by giving the explicit form of I(f, f ) in this short-range case:
dy (f (y, t)f (x + x ′ − y, t)ψ(y, x + x ′ − y, x) −f (x, t)f (x ′ , t)ψ(x, x ′ , y)) .
In the first term, which represents the incoming collisions, the kinetic energies of particles are within the ranges shown in the first table.
Particle a Particle b Before collision · · · (y, y + dy) (x + x ′ − y, x + x ′ + dx ′ − y) After collision · · · (x, x + dx)
In the second term, that represents the outgoing collisions, the kinetic energies of particles are within the ranges shown in the second table.
Particle a Particle b Before collision · · · (x, x + dx) (x ′ , x ′ + dx ′ ) After collision · · · (y, y + dy)
The proportionality factor ψ is positive-valued and depends on the three variables of the binary collisions and on the action law of gaseous molecules.
From physical considerations, it was shown that the factor ψ satisfies [1] ψ(x, x ′ , y) = ψ(x ′ , x, x + x ′ − y) , (3) √ xx ′ ψ(x, x ′ , y) = y(x + x ′ − y)ψ(y, x + x ′ − y, x)
for arbitrary x,x ′ and y.
The first property, Eq. (3), is shown in the following way. [1] By comparing the process shown in the second table with the equivalent process shown in the third table where particles a and b are reversed, we obtain Particle a Particle b Before collision · · · (x ′ , x ′ + dx ′ ) (x, x + dx) After collision · · · (x + x ′ − y − dy, x + x ′ − y)
two expressions for the same number of collisions dn within a very short time span τ in a unit volume
= τ f (x ′ , t)dx ′ · f (x, t)dx · dyψ(x ′ , x, x + x ′ − y − dy) .
Then, by dropping dy from ψ, the first property follows.
The derivation of the second property, Eq.(4), is rather difficult. We only comment that, to derive it, we assume that the force between two particles is a function of their distance and obeys the law of action and reaction.
By using these properties of ψ, the kinetic equation except for the flow terms can be rewritten as
By using this form of the kinetic equation, Boltzmann carried out calculations to show that Boltzmann's H-function [1] 
is a Lyapunov function of the system, i.e., never increases over time: dH/dt ≤ 0. In this review, we do not present these calculations. It was also shown that H has a negative minimum where the kinetic energy distribution function is f 0 (x, t) = C √ xe −hx .
Indeed, for Eq. (9), [∂f 0 (x, t)/∂t] c vanishes. In terms of velocity, f 0 is a Gaussian distribution. In this review, we do not explain the detailed properties of the Boltzmann equation because those lie outside of our main interest.
Collisionless regime
In this subsection, we consider the HMF system whose phase-space variables are a particle's position θ on the circle and its canonical conjugate momentum p.
In the collisionless regime, the interparticle interaction of a long-range system, represented by the motion of the particles in the self-consistent mean-field, is described by the Vlasov equation [40, 41, 42, 43] that just drops the collision term I(f, f ) from the Boltzmann equation Eq.(1) and can be derived from the Bogoliubov-Born-Green-Kirkwood-Yvon hierarchy by using a perturbative expansion.
In long-range systems, it is known that the collision term in the Boltzmann equation is of order 1/N , and thus the collisional evolution is slow for a system with numerous particles. [44, 45, 46] Due to this long-range nature, the complete vanishing of the collision term is achieved in the thermodynamic limit N → ∞ wherê E andη are fixed in the micro-canonical approach. In the long-range context, while the collisionless effects are collective, the collision effects are due to granularity, that is, they are a finite N correction. [4] The Vlasov equation of the phase-space distribution function f (θ, p, t) is
where Φ(θ) is the self-consistent mean-field potential energy function which is the average over the distribution function. [40, 41, 42, 43] ∂f ∂t dp + ∞ −∞ p ∂f ∂θ dp + ∞ −∞ F (θ) ∂f ∂p dp = 0 .
Here,
f dp
f dp ,
(pf )dp
(pf )dp ,
This leads to the differential continuity equation
and the total mass N is conserved:
Next, we show that for a compact container space such as the circle in the HMF model, energy conservation follows from the Vlasov equation. To see this, we take the second order moment of the Vlasov equation with respect to momentum
From the above equations we obtain
Since, in general, the distribution function used in the definition of Φ is the same as that of the system 4 , the second term is d dt (Φ/2)̺dθ. Thus, the total energy E is conserved:
Apart from the Vlasov equation, the relation dε dt = ∂ε ∂p dp dt
holds. Namely, in the collisionless regime, the one-particle energy ε can vary its value via only the timedependent potential. As particles gain or lose energy, the range of the energy distribution spreads and strong spatial and temporal oscillations of the potential facilitate microscopic phase mixing. Here, we explain phase mixing. As an example, we consider an ensemble of N identical harmonic oscillators with unit spring constant. On the phase space, each harmonic oscillator draws a circular orbit, but for different orbits, there are different angular frequencies ω. Then, for two oscillators i and j, the difference between the angular variables ϑ(t) on their circular orbits is
Namely, this difference increases linearly with time. For the whole N -body system, the winding number in the totality of circular orbits increases monotonically, and on the phase space a corresponding vortex emerges. This process continues till f relaxes to being a function of ε only. Of course, in a single circular orbit, there is no mixing. This is the prototype of the phase-mixing phenomenon. 5 Due to this phase mixing, the potential of the long-range system may oscillate strongly. This process is called violent relaxation [2] .
If the initial distribution is a spatially inhomogeneous water-bag one, the HMF system undergoes phase mixing and violent relaxation. In Fig. 1 , we show the phase-mixing process in such a case taken from the HMF system. (Using symbols that will be introduced later, this system is the case of M 0 = 0.53,η = 0.15 andÊ = 0.4984.) At each time the contours of the inscribed and circumscribed Vlasov stationary water-bag states, that is, the dense energy water-bag distributions, for the distribution are indicated by red and green curves.
As shown in Fig. 1 , the phase-space region sandwiched between the inscribed and circumscribed Vlasov stationary water-bag states forms the halo of the system.
Lynden-Bell statistics
As well as collisional equilibrium statistical mechanics, there is an established theory of an 'equilibrium' statistical mechanics of collisionless QSSs based on the violent relaxation process. This is the LyndenBell statistics. [2, 47] By considering the statistics of QSSs, it predicts the most probable QSS by entropy maximization. Due to the Vlasov equation df /dt = 0, the fine-grained distribution function f is an integral of motion and the Vlasov fluid elements move on the phase space as an incompressible fluid. By phase mixing, f relaxes to a function of the one-particle energy function ε(θ, p) that is the collisionless equilibrium state. In the following, we assume that the system is a water-bag, that is, it has only two levels, f and 0. So, on the phase space, we decompose the fine-grained distribution into unsuperposed Vlasov elements with the same level. We assume that the totality of Vlasov elements satisfies the following three conditions.
1. The system conserves the total mass N .
2. The system conserves the total energy E.
3. The system conserves the phase-space density η of the Vlasov elements due to the incompressibility. We denote the area of every Vlasov element by ω. The green and red one-particle energy contour curves change according to the change of the magnetization (i.e., the self-consistent mean-field potential).
The Lynden-Bell statistics counts the configurations of Vlasov elements on the phase space. To do this, we divide the phase space into identical micro-cells. The area of micro-cells is assumed to be that of the Vlasov elements, that is, ω. When a Vlasov element occupies a micro-cell, the density of this micro-cell is η; otherwise it is 0. This is the exclusion principle as a consequence of the Vlasov incompressibility. The Lynden-Bell statistics treats the macroscopic structure in the same way as the usual statistics does. We focus on the P identical macro-cells on the phase space that are assemblies of ν micro-cells and average (coarse-grain) the fine-grained distribution on them. In the i(= 1, 2, . . . , P ) th macro-cell, we use n i (≤ ν) to denote the number of Vlasov elements which occupy this macro-cell. In the following, we assume ergodicity. Now, we calculate the entropy in the Lynden-Bell statistics. First of all, we calculate the number of states for configurations of Vlasov elements on the phase space. To do this, we consider the partition number of counting the assignments of N Vlasov elements to the P macro-cells by n i (i = 1, 2, . . . , P ) number of Vlasov elements. By assuming distinguishability between Vlasov elements, and by regarding each macro-cell as a single unit to be counted, the n i ! arrangements of Vlasov elements inside the i-th macro-cell (i = 1, 2, . . . , P ) need to be ignored. Thus, the total partition number of this counting is
However, the configuration of the Vlasov elements inside each macro-cell is not determined. So, we need to consider the partition number for each configuration of the n i Vlasov elements inside the i(= 1, 2, . . . , P ) th macro-cell as that of the corresponding micro-cells inside each macro-cell. Namely, we need to multiply Eq.(36) by the partition number for n i elements in ν sites for all i. Here, regarding the configuration of ν micro-cells in a macro-cell for i = 1, 2, . . . , P , the partition number for the vacant part of macro-cell, where none of the n i Vlasov elements is present, that is, (ν − n i ) micro-cells, needs to be ignored. So, the relevant result is
Thus, the total partition number W for assigning {n i } Vlasov elements to the macro-cells is
We recall that the system is macroscopic. Using Stirling's formula, ln W is given approximately by
From now on, we use f to denote the coarse-grained distribution function. The distribution function f that is coarse-grained by units of macro-cells with area νω is defined by
By using this quantity, we express W as
The variation of −(η/ν) ln W with respect to f is
Since we coarse-grain the distributions by the unit of macro-cell (νω), the continuum limit procedure (ν → 0) is
By takng this limit and using Lagrange multiplier methods, under the two constraints (i.e., conservation of total mass N and total energy E)
we obtain an equation for the maximization of ln W :
Since the choice of δf is arbitrary, the bracketed part of the integrand needs to be zero. Consequently, the most probable QSS distribution is
This is called the Lynden-Bell distribution.
The resemblance of the Lynden-Bell distribution to the Fermi-Dirac distribution is due to the exclusion principle for the Vlasov elements on each micro-cell, arising from their incompressibility. The reduced entropy in the continuum limit is
In the following, we refer this entropy as the Lynden-Bell entropy.
The Lynden-Bell distribution has the four parameters: the phase-space density η, multipliers β and µ and the stationary value of the magnetization (in the HMF case) in the one-particle energy. [18, 19] In this review, we refer the Lynden-Bell equilibrium by the solution in the form Eq.(51) of the three conservation laws for mass, energy and fine-grained phase-space density and the self-consistency condition for the magnetization.
The main statement in this review is that the real QSS that undergoes violent relaxation is, in general, not the Lynden-Bell equilibrium but a superposition of two independent Lynden-Bell distributions. We corroborate this scenario in Section 4.
3 The Hamiltonian Mean-Field Model 3.1 Basic properties
Definition
The Hamiltonian mean-field (HMF) model is a widely studied classical mechanical toy model of long-range systems. [3, 4, 15, 16, 17] The N -body HMF model considers N identical fully coupled interacting particles with unit mass on a circle. Their dynamics is governed by the Hamiltonian
where the angle θ i is the orientation of the i th particle and p i is its canonical conjugate momentum. [15] From this Hamiltonian, we obtain the coupled canonical equationṡ
These can be unified as
To clarify the physical meaning of the HMF model, we compare it with the familiar Heisenberg XY model [3, 48] that considers two-dimensional spins distributed over a square lattice, which has the Hamiltonian
where the variables s i x and s i y are cos θ i and sin θ i , respectively and i, j denotes a pair of adjoining sites. In the Heisenberg XY model, for ǫ > 0, when all spins have the same direction, the energy of the system is at its minimum. Thus the ground state of the system is ferromagnetic. For ǫ < 0, the ground state is anti-ferromagnetic: the directions of adjacent spins are opposite.
In the HMF model, by setting
the interaction Hamiltonian with the exception of the constant term is
The formal resemblance between these two models is clear. However, a significant difference between them is that, in the HMF model, the particle interactions are not only between particles with adjacent indices, as in the Heisenberg XY model, but between any pair of particles.
Summarizing the above arguments, we characterize the interaction of the HMF particles in the following two ways.
1. It is a long-range interaction depending on only distance on the circle and all particles are fully coupled.
For consistency, it is periodic for each variable θ i on the circle.
2. It resembles the Heisenberg XY spin exchange interaction. Namely, it is proportional to the inner product between two spins m i and m j .
In the following, we set ǫ = 1.
We now return to the equation of motion, Eq.(55). By introducing
and
Eq. (55) becomes
where the modulus M represents the magnetization by analogy with the Heisenberg XY model because in both models there is no external magnetic field. Here, we used
The HMF model significantly has both equilibrium [15] and non-equilibrium [19, 20, 32, 49, 50, 51] phase transition properties with the Boltzmann-Gibbs magnetization M * and the QSS magnetization M s of the spins m, respectively, as the order parameters. A remarkable difference is that the latter property depends not only onÊ but also on the initial magnetization M 0 , [19, 20, 50] while the former property depends on onlyÊ. In this review, we will discuss the former property in Section 3.2 but do not discuss the latter property.
Mean-field methods
For N ≫ 1, we can ignore the granularity in the distribution, and the system is described by the timedependent one-particle distribution function f (θ, p, t). 6 This description uses mean-field methods. For convenience we repeat the definitions of the following quantities (in the following, we omit the parameter t):
Total energy :
Here, Φ(θ) represents the potential energy function
and the force acting on the i th particle is
The potential energy function Φ(θ) satisfies
The general solution of Eq. (75) is
where M and γ are arbitrary constants. Owing to the translational invariance of Eq. (53) with respect to θ, we can fix the phase constant to γ = π. M characterizes the clustering of the distribution (see Fig. 3 ).
The distribution for M = 0 is uniform. For M = 0, there is clustering towards a particular direction, which breaks the translational symmetry.
Boltzmann-Gibbs equilibrium
In the micro-canonical approach, the Boltzmann-Gibbs entropy is written by using the one-particle distribution. In the mean-field method, as in Eq.(76), we replace the many-body effects by a self-consistent mean-field and describe it using two phase-space variables, θ and p. The Boltzmann-Gibbs entropy is
6 The description manner in the following part of Section 3 follows that of Taruya's unpublished article.
[52] By using the Lagrange multiplier method, the extremum equation for Eq.(78) for fixed N and E is
That is,
Here, since Φ contains f in its integral, the variation of dθ dp Φf with respect to f is dθ dpΦδf . This equation is independent of the choice of δh. Thus, we have
which can be rewritten as
From this equation, the extremum solution of Eq. (79) is
The numerical constant A in Eq. (85) is related to the constant M in Φ. By using Eq.(76), we substitute Eq.(85) into Eq.(68). Then, by introducing the n-th first-kind deformed Bessel function
the equation
can be rewritten as
Moreover, by substituting Eq.(85) into Eq.(71), since
we obtain
From the first equation (94), we obtain the non-trivial relation
At low temperature, a second-order phase transition occurs. [15] Its critical temperature is the solution of the next equation:
Here, Eq.(98) can be verified by expanding I 0 (z) and I 1 (z) in Taylor series of z, and extracting the first two terms. Near to the critical temperature, the behavior of M with respect to T − T c can be found by arranging
Thus,
holds. So, it follows that
As
the behavior of the magnetization around the critical temperature is given by the solution of
which is
The self-consistency condition Eq.(97) is the most important equation determining the equilibrium configuration. Eq.(97) has solutions M = 0 and M = 0. In the following, we denote the non-zero solution by M = M * (β), which we call the magnetization by analogy with the Heisenberg XY model.
We derive the relation between total energy and the magnetization. By substituting Eq.(85) into the definition Eq.(69), the total energy is
We calculate each term in Eq.(114). The first term is
The second term is
The third term is
As a result, we obtain
In the calculation, we used Eq.(94). As an important point, in the simulation, we fix E and N . Here, the non-zero M * is determined by giving the temperature. 
Here, the second component vanishes. This can be seen by changing the angular integral to
, and the fact that the integrand is an odd function with respect to θ.
QSSs with Core-Halo Structure
In this section, we review the studies of QSSs that have the core-halo structure on the phase space at low energies per particle. The core-halo structure appears ubiquitously in long-range systems. [5] For a long while, in the general context, the distributions of the core and the halo had been considered as an attachment.
Namely, in the central core region in the phase space, there is no halo particle, and vice-versa. However, according to this traditional standpoint, the resultant distribution from the simulation has a distorted form (see Fig. 12 ) that cannot be explained. In this section, we expose the author's proposal [34] of a view of the core and halo distributions as a superposition, and corroborate its collisionless equilibrium state, that is, the double Lynden-Bell state, with illustrative results from N -body simulations.
Review of research preceding the double Lynden-Bell scenario

Pakter and Levin's ansatz
The study of the core-halo structure of the QSSs in the HMF model was begun by Pakter and Levin.
[32] They explained the origin of the core-halo structure in the following way. In the violent relaxation process, when the magnetization of the system is macroscopically damped, the particles that are parametrically resonant with this oscillation gain energy and form the high-energy halo. As a result, due to energy conservation, the remaining particle move to the low-energy region and due to the Vlasov incompressibility (i.e., the conservation of the fine-grained phase-space density η), as in the Fermi-degeneration phenomenon, they form the low-energy dense core. To represent the coarse-grained QSS distribution function, they made an ansatz for the core-halo distri-
According to the traditional idea, the core-halo distribution was written in attachment form not as a superposition. In Eq.(126), there are four parameters.
1. χ is the ratio between the halo and core (diluted) phase-space densities.
2. M s is the stationary value of the magnetization.
3. ε h is the maximum one-particle energy of the halo.
4. ε F is the core's 'Fermi energy'.
In the next few paragraphs, we give a clue to determine ε h by using the test particle model. First, the equation of motion of the HMF system for an individual particle is
Here, as pointed out in [32] , for short elapsed time (first one or two periods of the oscillation of the magnetization), the statistical correlations between momentum p and phase variable θ can be approximately ignored.
Moreover, by neglecting the average of high frequency quantities such as cos 2θ , under the initial conditions M (0) = M 0 andṀ (0) = 0 an approximate single equation of motion for M (t) over a short elapsed time is obtained. Then, we solve this numerically.
We derive this equation of motion following Pakter and Levin.
This equation can be interpreted as the equation of motion of a 'particle' with coordinate M and conserved energy under the double-well potential
Here, the 'velocity'Ṁ is 0 at t = 0. Thus, this motion is temporally periodic for a particle with conserved energy V (M 0 ). This is different from the actual motion of the magnetization that is damped by transferring the energy of the density wave to each resonant particle. Now, we consider the way to determine the four parameters in Eq.(126): ε h , ε F , χ and M s . As just mentioned, by the macroscopic damping of the magnetization, the energy of the density wave is transferred to the resonant particles. Pakter and Levin considered that these resonant particles form the halo. In actuality, the oscillation of the magnetization is significantly damped within the initial one or two periods. Thus, within this time scale, the width of the halo is determined. As the scheme, first, we determine the two period reduced oscillation of the magnetization described by Eq.(134). Next, we run the probe test particles, which have no effect on the mean-field potential, under the equations of motion Eqs.(128) and (134) starting from a random initial distribution within the water-bag distribution on the phase space. Based on the temporal evolution of the reduced magnetization, whenθ(t) (Eq. (128)) and the initial conditions θ(0), p(0)
Once ε h is determined, the remaining parameters, ε F , χ and M s , are the solutions of the following three constraints (the conservation laws of mass and energy and the self-consistency condition on the magnetization):
Here, the energy per particleÊ is fixed.
An explication of these equations will be given in Section 4.2.4.
Generalized virial condition (GVC)
In general, it has been reported that ergodicity, which the Lynden-Bell equilibrium requires, may be broken [4, 10, 53, 54] . In the present case, this ergodicity breaking is induced by the parametric resonance of particles with the initial oscillation of the magnetization [33] . This is because, after the macroscopic oscillation of the magnetization ends, the dynamics becomes regular and so the time averaging becomes regular. However, due to the emergence of the Lynden-Bell statistically highly improbable [50] halo, the statistical averaging becomes irregular. Thus ergodicity, which asserts the equivalence between time averaging and statistical averaging, is broken. The only mechanics which can move the halo region is the parametric resonance for the macroscopic oscillation of the magnetization. Thus, after this ends, there is no mechanics which relaxes the halo and other regions. That is, in global aspect, due to the existence of the halo, phase mixing between the core and the halo becomes insufficient.
Then, Benetti et al. considered that, for an initial magnetization M 0 for which the initial oscillation has as small an amplitude as possible (for the givenÊ), a Lynden-Bell equilibrium may arise. [33] In general long-range systems (e.g., self-gravitating systems and non-neutral plasma systems), if the virial condition does not hold, the balance between the kinetic energy K and potential energy V is lost and the mean-field potential oscillates and a resonance emerges. On the other hand, if the virial condition holds, there is no resonance. When the system starts from a non-steady state, the system undergoes density oscillation. After the relaxation, a QSS is achieved and then, the virial condition will be satisfied. [5] Benetti et al. tried to apply this role of the virial condition to the HMF model. [33] In their context, the virial condition is used to discuss the deviation from the steady state. So, the time averaging in virial is not long-term but is only over the time interval for which the steadiness is defined. The virial condition can be written using macroscopic quantities only when the potential V is a homogeneous function (we set n = deg V ). However, the self-consistent mean-field potential of the HMF model is a cosine function and the virial condition cannot be applied. In the HMF model, we can formulate the condition, corresponding to R = 1 for the virial number R = 2K/(nV ), on the initial distribution only. That is, in the HMF model, there is no index corresponding to the virial number R. [5, 33] In the following, for the HMF model, we derive a condition, corresponding to the virial condition, as the initial condition (θ 0 , p 0 , M 0 , . . .) for which the initial oscillation of the magnetization disappears. In actuality, this condition is the one for which the envelope of the distribution is steady in the initial elapsed time.
We consider the initial water-bag distribution
To formulate our generalized virial condition (GVC) [33] , we define the temporal envelope of the distribution by θ e (t) = 3 θ 2 , 
and by imposing θ e (0) = θ 0 .
To determine the temporal evolution of this envelope, we need approximations. Concretely, we make two assumptions:
1. The distribution of θ is assumed to be within [−θ e (t), θ e (t)]. For instance, the position integral is restricted to this interval. Thus, the magnetization M becomes
2. We neglect the statistical correlation between position and momentum:
Here, we used the dynamical inversion symmetry of the distribution through the origin: θ = p = 0.
Based on these approximations, due tȯ
the second temporal derivative of Eq. (140) is
Here, by using assumption 1 and the HMF equation of motion
holds. From this, the assumption 2 and energy conservation
it follows thaẗ
This equation is the equation of motion of a particle with coordinate θ e , initial velocityθ e (0) and conserved energy under the potential. Thus, its motion is temporally periodic. Here, ideally, if the oscillation amplitude of θ e becomes 0, the behavior of θ e and M is predicted to be steady (temporally constant) due to Eq.(144). In actuality, we give the weaker, approximate conditioṅ
and call it the GVC. Due to Eqs. (144), (156) and (157), the GVC becomes
By solving this equation for given E, we obtain θ 0 = θ 0 (Ê). Moreover, by combining with Eq.(144), we
. Thus, we have found how to choose the initial magnetization M 0 which satisfies the GVC for givenÊ.
As already mentioned, the motion of envelope (θ e (t), M e (t)) is periodic as long as θ e is confined within the potential. But, the actual M (t) is damped due to energy transfer by the parametric resonance.
Double Lynden-Bell scenario
In this subsection, we discuss the double Lynden-Bell scenario. The full contents of Sections 4.2.2 and 4. 
GVC and the residual energy
In the following, we consider the rectangular water-bag distribution in Eq.(139).
Due to
θ 0 , p 0 andη are determined byÊ and M 0 via the relations
7 Strictly speaking, we need to note the following points. The potential of θe in this equation is not a periodic function within [0, π] θe . If there is a large oscillation so that θe exceeds π, we need to make the potential periodic artificially. However, for the purpose of generalizing the virial condition, we don't need to consider such cases.
The GVC on Eq.(139) is GVC : (2Ê − 1)θ 0 + sin θ 0 cos θ 0 = 0 .
By using relations (163), (164) and (165), the GVC becomes:
Then, multiplying by θ 0 on both sides, we obtain
Next, the minimization condition on the energy per particle with respect to M 0 for fixedη is
Now
which reduces to
This matches the GVC. This expression of the GVC will be used in the context of the minimization of the residual total energy of the system against the energy of the Vlasov stationary water-bag state: see Section 4.2.3.
Typical temporal evolution
In this subsection, we convert Pakter and Levin's scenario of core-halo formation in the attachment form to the double Lynden-Bell scenario in the superposition form. From this standpoint, the formation process of the core-halo structure of an HMF system consists of four steps. First, as the result of a trigger, which will create a chemical potential gap between the core and the halo, by the parametric resonance of the system with the initial strong oscillation of the magnetization, the core-halo structure starts forming [32] .
Second, after a dynamical process facilitated by particle and energy exchanges between the core and the halo, the distribution relaxes to a steady superposition of two components: that is, the core and the halo. Due to its long-range nature, the potential Φ(θ) is common to the core and halo distributions. Here, we denote the fine-grained core and halo distributions by f c and f h , respectively. The dynamical relaxation between the core and the halo
plays the role of the Vlasov fluid property of incompressibility for each component a = c, h. This relaxation converges the total mass N a and the diluted phase-space density η a for each f a under the condition η = η c +η h , where η denotes the fine-grained phase-space density of the system. Thirdly, the magnetization stabilizes, and the system enters the QSS regime.
Finally, phase-mixing converges. That is, f and f a closely approximate functions of ε only. Then, due to Eq.(177), ∂f a (ε)/∂t → 0 holds. Consequently, the total energy E a of each f a converges. At this time, the core-halo formation is complete.
Based on this process, we derive the core-halo QSS distribution and its corresponding entropy, by following the discussion of collisionless ergodic relaxation by Lynden-Bell. [2] The phase space is divided into macro-cells, that is, assemblies of micro-cells, and incompressible Vlasov elements occupy micro-cells. From now on, while η denotes the fine-grained phase-space density, we consistently denote the coarse-grained (macro-cell level) core and halo distributions by
where i labels macro-cells (i = 1, 2, . . . , P ), m i and n i are the numbers of Vlasov elements occupying the i-th macro-cell, ν is the number of micro-cells in each macro-cell, and ω is the area of each micro-cell.
In the process described above, the following partitions are fixed:
The third partition in Eq. (180) is kept for the ratios in the continuum limit ν → 0. The total partition number of the configurations of Vlasov elements in the phase space is
where W mix is the partition number of mixing the core and the halo and W 4 . The fitting method will be explained in Fig. 13 . under the constraints in Eq.(180). We introduce two kinds of Lagrange multiplier, α a and β a , where a = c, h, for fixed particle number N a and energy E a , respectively.
Under the continuum limit (ν → 0), the total entropy reduces to
where each S (a) is the Lynden-Bell entropy[2]
for a = c, h.
The maximization solution of Eq.(186) is the double Lynden-Bell distribution
where µ a = −α a /β a is the chemical potential of the core or the halo. At this point, the double Lynden-Bell scenario is complete. Here, readers may think that since the partition number W is the product in Eq.(181), the distribution function Eq.(188) would also be a product. However, the fine grains of the distribution functions f c and f h do not share any micro-cells. Thus, f is a superposition, that is, f = f c + f h .
N -body simulations
In the N -body simulation described in the following subsections, the initial phase-space distribution function f 0 (θ, p) is the uniform water-bag type distribution over the rectangle
where Θ is the Heaviside unit one-step function. (This is the same as Eq. (139).)
The parameters θ 0 and p 0 of Eq.(189) satisfy the relations sin θ 0 /θ 0 = M 0 , p 0 = 6Ê − 3(1 − M 2 0 ), andη = 1/(4θ 0 p 0 ) for initial magnetization M 0 and energy per particleÊ (see Section 4.2.1). Using these relations, when we fixη, we can deduceÊ from M 0 .
In order to take advantage of the Vlasov incompressibility, that is, the dynamical conservation ofη, we classify simulation data by the common value ofη. In the following part of this review, we considerη = 0.15 as the cocrete value. 189) at the minimumÊ. The blue and red curves represent the initial water-bag states and the energy per particle of the Vlasov stationary water-bag state f εF for η = 1500, respectively. Figure 9 shows that M 0 = M min gives the global minimum of the function E(M 0 ) and in the neighborhood of this point, the function is convex. This also holds for other values ofη. Thus, it is natural to express some character of f 0 in terms of its total energy E.
Accordingly, we introduce the residual total energy E res (refer to Fig. 9 ) which is equal to the total energy E of the system minus the total energy E εF of the Vlasov stationary water-bag state f εF (ε) = ηΘ(ε F − ε) for η = 1500 (i.e., E res = E − E εF ). (In this context, the Vlasov stationary water-bag state f εF depends on three parameters, that is, the Fermi energy ε F , the magnetization and the total energy E εF . These are determined by the two conservation laws and the self-consistency condition: see Section 4.2.4.)
The purpose of the introduction of f εF lies in its role in E res . To show this, we note that f εF has a total energy lower than that of any f 0 with the common value of η and cannot be accessible by Vlasov dynamics starting from f 0 due to energy conservation.
To clarify the meaning of E res , we consider the dynamics of the system on the phase space by referring to Fig. 10 . When the dynamics start from f 0 , its center f εF is Vlasov stationary, and there is a total energy gap E res > 0 between them. So, by using E res the system creates the halo of high-energy particles in the outer site, then, the inner part approaches the Vlasov stationary water-bag state due to energy conservation. Thus, E res measures the degree of the creation of the high-energy tail of the halo, which causes the system to deviate from the Lynden-Bell equilibrium. That is, we argue that E res is an a priori measure of the deviation of the system from the Lynden-Bell equilibrium.
For M 0 ≤ M min , the Vlasov stationary water-bag distributions that inscribe and circumscribe the initial distribution Eq.(189) (refer to Fig. 1 ) are close to each other. So, in these cases, the validity of this argument weakens. In Fig. 11 , we illustrate this argument by the almost monotone correspondence between the residual total energy and the residue of the Lynden-Bell entropy of the Lynden-Bell equilibrium against that of the system.
As already confirmed, the minimization condition on the residual total energy (∂E res /∂M 0 ) η = 0 matches the GVC for the HMF model. So, this argument has an advantage over the GVC formulation.
As illustrated in Fig. 12 , as the residual total energy E res increases, the high-energy tail of the simulation resultant f (ε) grows. This high-energy tail causes the simulation resultant f (ε) to deviate from the LyndenBell equilibrium.
In the double Lynden-Bell scenario, we argue that this deviation part is fitted by the halo part of the distribution, f h .
As an illustration of this argument, in Fig. 13 we show the theoretical semi-predictions using the double Lynden-Bell distributions for the three initial magnetizations M 0 = 0.53, M min and 0.78.
A double Lynden-Bell distribution has seven degrees of freedom. In Fig. 13 , by adjusting three parameters by hand, we solve the four conditions, that is, three conservation laws for mass, energy and phase-space density, and the self-consistency condition, and derive the double Lynden-Bell distributions. So, Fig. 13 is not just a fitting but is also a theoretical result.
The three parameters adjusted by hand to produce Fig. 13 include the Lynden-Bell entropy. By setting the Lynden-Bell entropy to be lower than that of the Lynden-Bell equilibrium, we accurately reproduce the N -body simulation results. These accurate reproductions corroborate the double Lynden-Bell scenario.
Vlasov stationary water-bag states
In this subsection, to supplement the contents of Section 4.2.3, for the Vlasov stationary water-bag distribution f εF (ε) with given phase space density η, we give the set of equations that determine its Fermi energy First, by introducing the elliptic integrals
we define the following special functions (the complete elliptic integral is equal to the real part of the incomplete elliptic integral):
where we set
For the simplicity of the equations, we define
Using these integral quantities, the conditions which the Vlasov stationary water-bag distribution f εF (ε) satisfies areη
We solve these numerically and determine ε F , M andÊ. We will explain how we derive these conditions at the next complicated level: see Section 4.2.5.
Double Lynden-Bell existence region
The existence region of the double Lynden-Bell distributions in core's (N c ,Ê c ,η c ) space, where M s is given by hand, is not dense. More precisely, on the (N c ,Ê c ) and (N c ,η c ) planes for fixedη c andÊ c , respectively, the off-shell existence region for the double Lynden-Bell distribution, which we will call the double Lynden-Bell region, is restricted to a thin, spindle-shaped region. [34] The double Lynden-Bell region has the following two main structures.
First, on the (N c ,Ê c ) and (N c ,η c ) planes for fixedη c andÊ c , respectively, it has two edges where the energy-distribution is the superposition of two Vlasov stationary water-bag distributions. The boundaries connecting these edges represent states in which a part of the components has a Vlasov stationary water-bag distribution. That is, at the edges and boundaries of the double Lynden-Bell region, the temperature of the corresponding component becomes zero (i.e., β a → ∞), sof a (ε) reduces toη a Θ(µ a − ε). [34] Second, on the (N c ,Ê c ) plane, the center of this spindle-shaped double Lynden-Bell region is the off-shell maximization point of the double Lynden-Bell entropy Eq.(186) for fixedη c , namely ∂S/∂N c = ∂S/∂Ê c = 0 holds. Using the results of the derivative of the double Lynden-Bell entropy by the macroscopic variables (see next subsection), it can be shown numerically that the corresponding energy-distribution satisfies β c /η c ∼ β h /η h and µ c ∼ µ h and thus is almost the one of a single Lynden-Bell. [34] In the following, we consider the two-step energy water-bag distribution
that corresponds to the two edges of the double Lynden-Bell region. By introducing the variable χ, we rewrite this aŝ
We denote the Fermi energies of the halo and core by ε h and ε c and their diluted phase-space densities by η h and η c , respectively.
For the moment, we consider the off-shell case with respect to the magnetization M and determine the edge distributions by using the conservation laws of mass and energy. Namely, by giving M and χ, ε c and ε h are determined numerically by the two constraints
We give the energy per particleÊ a concrete number. These two constraints can be written as dθ dp = 1 ,
dθ dp p
Here, the θ-p integrals are explicitly dθ dp = 4η
0 dp + 4ηχ
and we perform them within the integral domain where the integrands are real-valued. (This integral domain is simplified by using the even function property of the integrand.) Without having to consider the meanings of the step functions, these integrals can be derived by the following way:
etc. The factor of 2 arises because the transformation of the variable is two to one.
The classification of the integral domain is done by excluding the domain where the quantities in the square roots in p c (θ) and p h (θ) are negative-valued
From the calculations done above, the total mass conservation and total energy conservation are
where the self-consistency condition on the magnetization is unlocked.
By solving these, we obtain the Fermi energies ε c and ε h . At the edges of these existence domains, the number of particles and the energy of the core arê
To give the boundary curvesÊ ± (N ) of the existence domain, first by givingN , we solve Eq. (222) 
On-shell entropy maximization
In this subsection, we examine whether or not the resultant QSSs from the simulation complete the relaxation between the core and halo Lynden-Bell distributions, which is a weaker criterion than Lynden-Bell relaxation. The relaxation criterion to be considered can be expressed as the on-shell maximization of the double LyndenBell entropy in Eq.(186) (here we note that S = S (c) + S (h) ):
for Lagrange multiplier λ, where the stationary magnetization M s is fixed by hand. Eq.(224) leads to
at M = M s . To clarify the on-shell maximization of the double Lynden-Bell entropy Eq.(225), we need to calculate the off-shell derivatives of the Lynden-Bell entropy Eq.(187) and the magnetization by the macro-variables N a , E a and η a . In the following, first, we perform the calculations with respect to the Lynden-Bell entropy. We focus on the Lynden-Bell component f = f c , f h and use S to denote its Lynden-Bell entropy from here till Eq.(286). We define the derivatives ∂S/∂N , ∂S/∂E and ∂S/∂η as follows.
From the definition, N and E are functions of the independent variables β, µ and η that determine the Lynden-Bell distribution f (the magnetization is fixed). By reversing these relations, the Lagrange multipliers β and µ can be regarded as functions of the independent variables N , E and η:
which are equivalent to
In the right hand sides of the above equations, N 0 and E 0 are just numbers. In the representation using β and µ, the Lynden-Bell entropy is defined by
where f is each Lynden-Bell component. In the representation using N , E and η, the Lynden-Bell entropy is defined by
In the following, we calculate
where we omit the right upper index of S that specifies the set of variables and let
First of all, we calculate the derivatives of S by the Lagrange multipliers β and µ. The derivatives of the integrand s(θ, p; β, µ) without the sign of S are
Due to the off-shell assumption with respect to M ,
holds. Using this,
where we define
In the following, we use the formula
Using ∂S/∂η = 0 (β, µ : fixed) or ∂η/∂N = ∂η/∂E = 0, we obtain
We define two kinds of two-component vectors for macro-variable X and Lagrange multiplier λ by
Then,
holds.
We now calculate the derivative of the entropy with respect to the macro-variables N and E:
Next, we calculate ∂S/∂η (N, E:fixed). We note the relationships
and that in general
Due to the chain rule
we obtain the formula
To summarize, we have the following results for the derivatives of entropy:
Next, we calculate the derivatives of the magnetization by the macro variables N and E. Since
and M =N c M c +N h M h hold, it is sufficient to calculate the derivatives of M f (Eq.(246)) by N and E. Due to
where we set det = ∂E ∂µ
By these formulae, we have clarified Eq.(225).
The on-shell entropy maximization criterion Eq. (225) 
Conclusion
In this section, we briefly summarize the results appearing in this review and discuss the open issues for the double Lynden-Bell scenario.
Based on preliminary results given in Sections 2 and 3, in Section 4, we studied QSSs with the core-halo structure in the HMF model. In the latter part of Section 4, based on the author's original idea of describing the QSS form as a superposition of the core and the halo, we have systematically studied the core-halo structure of the QSSs starting from unsteady (M 0 = 0 or Vlasov unstable;Ê ≤ 7/12 [15] ) initial rectangular water-bag distributions withη = 0.15 by means of N -body simulation. We have also corroborated the double Lynden-Bell scenario, in which the QSS distribution functions result in the superposition of two independent Lynden-Bell distribution functions, at least at low energies per particle.
Here, we briefly review the mechanism of the double Lynden-Bell scenario. When we admit the bifurcation of a QSS distribution into a superposition, the Lynden-Bell distributions of the core and the halo arise from the two facts observed in the molecular dynamics simulation: in the phase mixing process the dynamical relaxation Eq.(177) between the core and the halo plays the role of the incompressibility constraint on the phase-space elements of the core and the halo; and the halo's phase mixing progresses significantly due to its high-energy extension (see Figs. 7 and 8 ).
In comparison with the previous research, the author believes that the double Lynden-Bell scenario substantially improves our understanding of core-halo QSSs. The grounds for this assessment are as follows. First of all, from the standpoint of the double Lynden-Bell scenario, although the Pakter-Levin ansatz in Eq.(126) captures the essence of the core-halo QSS distribution function, its core and halo have no relationship with the Lynden-Bell statistics, and it can be applied to low-temperature cases of our core and halo only.
Moreover, in the previous research, the reason for the degeneration of the halo in Eq.(126) was unclear. From the new viewpoint, this degeneration is an obvious consequence of the Lynden-Bell distribution of the halo.
Secondly, while in the previous research the existence of ergodicity breaking had been stressed for core-halo QSSs, ergodicity is independently maintained for the halo and the core in the double Lynden-Bell sense.
This is a significant conceptual advance arising from the double Lynden-Bell scenario.
In the double Lynden-Bell scenario, we have also examined the completeness of the collisionless relaxation by considering two entropies. By using the Lynden-Bell entropy, we found that the systems being considered do not reach equilibrium and for higher total energy the degree of incompleteness of the relaxation [55, 56, 57] increases. By using the double Lynden-Bell entropy, forη = 0.15, in the case of M 0 = 0.72, the system completes the relaxation (i.e., can be determined by statistical mechanical methods); however, for other values of M 0 this does not happen. Next, we suggest some issues of the present double Lynden-Bell scenario.
The main issue is that the seven parameters in the double Lynden-Bell distribution cannot be fully determined at present. Here, note that the zero-temperature double Lynden-Bell distribution and the PakterLevin ansatz coincide. Since the Pakter-Levin ansatz has no fitting parameter, the parameters β 1 and β 2 that describe the resolution of degeneracy should be regarded as the extra parameters in the double Lynden-Bell distribution from the aspect of the theoretical prediction. Regarding this main issue, however, the author presumes that the present result (see Sec. 4.2.6) may be the best one obtainable by a purely statistical mechanical approach, due to the following two facts. Firstly, to determine the stationary magnetization of a system, we need to rely on the kinetic approach. Secondly, as just mentioned, the results show that the on-shell double Lynden-Bell entropy maximization holds only in special cases, and other cases are regarded as incomplete relaxation. So, we need to rely on kinetic theory beyond the statistical approach. However, we note that using these kinetic approaches seem to be very difficult with the techniques that have been invented so far.
Besides this main issue, the double Lynden-Bell scenario has four other significant open issues. First, we need to apply the double Lynden-Bell scenario to unsteady systems at higher energies per particle and understand the limits of its application. Second, since the on-shell entropy maximization works in only special cases, an a priori measure of the deviation from complete relaxation between the core and the halo Lynden-Bell distributions needs to be found. Related to this issue, we have shown that an a priori measure of the deviation from complete single Lynden-Bell relaxation is given by the residual energy of the system. Third, the long-term evolution of the system after the double Lynden-Bell QSS until the Boltzmann-Gibbs equilibrium is reached needs to be studied. Finally, to understand more deeply the reason why the system bifurcates into a superposition of the core and the halo is a fundamental issue.
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A Elliptic Integrals
In this section, we calculate the elliptic integrals appearing in Sections 4.2.4 and 4.2.5.
A.1 Calculation of
We define the elliptic integrals:
= 2
Furthermore,
A.2 Calculation of
To calculate this integral, we rewrite √ a + b cos θ cos θ as the sum of terms which can be integrated elliptically.
First, we consider the following identities
Then, as the expressions on the right-hand sides of Eq.(295) and Eq.(296) are equal, we obtain
Since
the integral to be calculated is
From this, and by noting 
we obtain 3I = a b 
Namely,
The next integral is also calculated using the above results In this section, we calculate the macroscopic quantities of the Lynden-Bell distribution [25] in the HMF model. We consider the Lynden-Bell distribution f (ε) = η exp(β(ε − µ)) + 1 .
Here, the one-particle energy function is ε = p 
We introduce the complete Fermi-Dirac function [58] F n (x) = 
By using it, we calculate the macroscopic quantities of the Lynden-Bell distribution, that is, the number of particles N and the total kinetic energy K.
For the complete Fermi-Dirac function, the relation 
The change of the measure from the momentum integral dp(· · ·) to the one-particle energy integral dε(· · ·) is dp = dp dε dε (321) = 1 dε dp
First, we calculate the number density of the particle ̺(θ) and the kinetic energy density K(θ):
f (ε)dp (325) (0 ≤ θ ≤ π)
In the position integral dθ(· · ·), the complete Fermi-Dirac function includes a cosine of the variable, but by changing to a potential energy integral dΦ(· · ·) we can remove the cosine.
Here we note that the correspondence is two to one when we change the integral variable from θ to Φ. 
The self-consistency condition is due to 
and is given by 
The potential energy per particle V is, using Eq.(357),
(360)
B.2 Degeneration limit
The degeneration limit of the Fermi-Dirac function is[58] 
